Let X be a compact metric space which is locally absolutely retract and let ϕ : C(X) → C(Y, M n ) be a unital homomorphism, where Y is a compact metric space with dimY ≤ 2. It is proved that there exists a sequence of n continuous maps α i,m : Y → X (i = 1, 2, ..., n) and a sequence of sets of mutually orthogonal rank one projections {p 1,m , p 2,m , ..., p n,m } ⊂ C(Y, M n ) such that
Introduction
Over two decades ago, Richard Kadison proved that a normal element in M n (N ), where N is a von-Neumann algebra, can be diagonalized ( [7] and [8] )). He showed that this cannot be done if N is replaced by a unital C * -algebra in general. He then asked what topological properties of a compact metric space Y will guarantee that every normal element in M n (C(Y )) can always be diagonalized. Karsten Grove and Gert K. Pedersen [9] showed that this could not go very far. They demonstrated that Y has to be sub-Stonean and dimY ≤ 2 if every self-adjoint element can be diagonalized in M n (C(Y )). Furthermore, they showed that, even for sub-Stonean spaces Y with dimY ≤ 2, one still could not diagonalize a normal element in general. In fact, they showed that in order to have every normal element in M n (C(Y )) to be diagonalized, one must have that every finite covering space over each closed subset of Y is trivial and every complex line bundle over each closed subset of Y is trivial, in addition to the requirements that X is sub-Stonean and dimY ≤ 2. So not every sub-Stonean space X with dimension at most two has the property that every normal element can be diagonalized. Since sub-Stonean spaces are not the every-day topological space with dimension at most two, it seems that the question of diagonalizing normal elements in M n (C(Y )) has a rather negative answer.
However, in the decades after the original question was raised and answered, it seems that approximately diagonalizing some normal elements or some commutative C * -subalgebras in M n (C(Y )), where Y is a lower dimensional nice topological space, becomes quite useful and important. In this paper, instead of considering exact diaogonalization of commutative C * -subalgebras in M n (C(Y )), we study the problem whether a unital homomorphism ϕ : C(X) → M n (C(Y )) can be approximately diagonalized. To be precise, we formulate as follows: Let ǫ > 0 and a compact set F ⊂ C(X) be given. Are there continuous maps α i : Y → X (1 ≤ i ≤ n) and mutually orthogonal rank one projections p 1 , p 2 , ..., p n ∈ M n (C(Y )) such that
f (α i )p i < ǫ for all f ∈ F?
(e 1.1)
Here rank one projections are those projections in M n (C(Y )) for which every fiber has rank one. Note that we do not insist that p 1 , p 2 , ..., p n are equivalent. Note also that if a ∈ M n (C(Y )) is a normal element and if sp(a) = X, a compact subset of the plane, then a induces a unital homomorphism ϕ : C(X) → M n (C(Y )) by defining ϕ(f ) = f (a) for all f ∈ C(X). However, we study the general case that X is a compact metric space. It has been known that those unital homomorphisms which can be approximately diagnalized are very useful, for example, in the study of inductive limits of homogeneous C * -algebras, a subject has profound impact in the program of classification of amenable C * -algebras, otherwise known as the Elliott program.
The main result that we report here is that the answer to (e 1.1) is affirmative for any compact metric space X which is locally absolutely retract (see 6.1) and any compact metric space Y with dimY ≤ 2. Moreover, we show that, the answer is negative for general compact metric space Y with dim ≥ 3. In fact, a unitary in M 2 (C(S 3 )) may not be approximately diagonalized. We also show that if dimY > 3, then there are self-adjoint elements with spectrum [0, 1] in M n (C(Y )) which can not be approximately diagonalized. For more general compact metric space X, we show that, for any ǫ > 0, any compact subset F ⊂ C(X), there is a unital commutative diagonal C * -subalgebra B ⊂ M n (C(Y )) such that dist(ϕ(f ), B) < ǫ for all f ∈ F, provided that dimY ≤ 2 (see 6.5).
As expected, when one studies unital homomorphisms from C(X) → M n (C(Y )), one often needs to make some perturbation. The trouble arises when one tries to approximate an 'almost homomorphism' by a homomorphism. This is already problematic when Y is just a point. Suppose that X is a compact subset of the plane and L : C(X) → M n is unital positive linear map which is almost multiplicative. It was first proved by W.A.J. Luxembourg and F.R. Taylor [14] , using non-standard analysis, that such maps can be approximated by homomorphisms. Theorem 2.2 generalizes this to the case that X is any compact metric space. Theorem 5.1 shows that the same statement holds when M n is replaced by C([0, 1], M n ).
The paper is organized as follows. In section two, we present a theorem which generalizes the early result of Luxembourg and Taylor mentioned above. In section three, we collect some easy facts. Lemma 3.1 serves as a uniqueness theorem in finite dimensional C * -algebras and Lemma 3.3 may be viewed as an elementary version of the so-called Basic Homotopy Lemma (see [1] and [12] ). In section four, we provide a uniqueness theorem for homomorphisms from C(X) into C([0, 1], M n ) which extends Lemma 3.1. In section five, using the results in the previous sections, we first show that an "almost homomorphism" from C(X) into C([0, 1], M n ) is close to a true homomorphism, further generalizing the theorem of Luxembourg and Taylor. Then we present a version of Basic Homotopy Lemma in C([0, 1], M n ). Section six contains the main result which based on the previous sections, in particular, the uniqueness theorem in section four and the Basic Homotopy Lemma in section five. Finally, in section seven, we show that one should not expect same results when dimY ≥ 3.
Let ξ 1 ∈ X be a point in the spectrum of H. Let
Then H(I 1 )A 0 H(I 1 ) is a σ-unital hereditary C * -subalgebra and it is not A 0 , since ξ 1 is in the spectrum of H and H(I 1 ) is a proper closed ideal of H(C(X)). Note that A 0 is the corona algebra of the separable C * -algebra C 0 (N, M n ). It follows from a theorem of G.Pedersen (Th.15 of [16] ) that
and A 0 has real rank zero, there is a non-zero projection
2)
It is standard that there exists a sequence of projections {p 1 (m)} ⊂ M n such that π({p 1 (m)}) = p 1 . Let S 1 ⊂ N be the subsequence so that p 1 (m) = 0 for all m ∈ S 1 . Note that S 1 must be infinite. Let A 1 = A 0 /J 1 , where
One also has that
is the only point in the spectrum of H 1 , the lemma follows. Otherwise, let ξ 2 = ξ 1 be another point in the spectrum of H 1 . Let
From the above argument, one obtains a nonzero projection
There exists a projection
Theorem 2.2. Let X be a compact metric space, let n ≥ 1 be an integer and let M > 0. For any ǫ > 0 and any finite subset F ⊂ C(X), there exists δ > 0 and a finite subset G ⊂ C(X) satisfying the following: for any unital map ϕ :
for all λ 1 , λ 2 ∈ C with |λ i | ≤ 1 (i = 1, 2) and x, y ∈ G, there exists a unital homomorphism
(e 2.8)
Proof. Let H(C(X), M n ) be the set of unital homomorphisms. Suppose that the theorem fails. There exists ǫ 0 > 0 and a finite subset G 0 ⊂ C(X) with the following properties: There exists a sequence of unital maps ϕ k :
(e 2.9)
for all x, y ∈ C(X) and
where H(C(X), M n ) is the set of unital homomorphisms from
From (e 2.9) and (e 2.10), H : C(X) → A/I is a unital homomorphism. It follows from 2.1 that there exists an infinite subset S ⊂ N such that
• H has finite spectrum, where Φ : A → A 1 = A/I 1 is the quotient map and where
By passing to a subsequence, without loss of generality, one may assume that H has finite spectrum. Therefore there are mutually orthogonal projections {p 1 , p 2 , ..., p K } ⊂ A such that
where {ξ 1 , ξ 2 , ..., ξ k } ⊂ X is a finite subset. There are mutually orthogonal projections P 1 , P 2 , ...,
(e 2.13)
Hence, there exists an integer N ≥ 1 such that ϕ m (f ) − ψ m (f ) < ǫ 0 /2 for all f ∈ F. This contradicts with (e 2.11). The lemma follows.
Corollary 2.3. Let k, n ≥ 1 be two integers and let ǫ > 0. Then there exists δ > 0 satisfying the following: Suppose that x 1 , x 2 , ..., x k ∈ M n are k self-adjoint elements with x i ≤ 1 (i = 1, 2, ..., k) for which
Then there are k self-adjoint elements y 1 , y 2 , ..., y k ∈ M n with y i ≤ 1 (i = 1, 2, ..., k) such that y i y j = y j y i and x i − y i < ǫ, i = 1, 2, ..., k.
(e 2.14)
Proof. This follows from 2.1 as in the proof of 2.2. One sketches here. If the corollary fails, there would be an ǫ 0 > 0 and a sequence of k self-adjoint elements {x
where the outside infimum is taken among all possible commuting k-tuple of self-adjoint elements
A contradiction would be reached as in the proof of 2.2.
Remark 2.4. Note that, in 2.2, δ depends on X, ǫ as well as n. In Corollary 2.3, δ depends on both k and n. In the case that k = 2, the theorem for which δ does not depend on n was first proved in [10] . That result is much deeper and was false if k ≥ 3 (see [4] ).
3 Commutative C * -subalgebras of matrix algebras Lemma 3.1. Let X be a compact metric space and let n ≥ 1 be an integer. Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist a finite subset G and δ > 0 satisfying the following. Let ϕ, ψ : C(X) → M n be two unital homomorphisms for which
where tr is the normalized tracial state. Then there exists a unitary u ∈ M n such that
(e 3.18)
Proof. Let η > 0 be such that, for any x, x ′ ∈ X,
Let δ = 1/2n and let G = {g F : F ⊂ {x 1 , x 2 , ..., x m }}. Suppose that ϕ and ψ satisfy the assumption for the above δ and G. Let {ξ 1 , ξ 2 , ..., ξ n } and {ζ 1 , ζ 2 , ..., ζ n } ⊂ X be such that
for all f ∈ C(X), where {p 1 , p 2 , ..., p n } and {q 1 , q 2 , ..., q n } are two sets of mutually orthogonal rank one projections. Fix a subset S ⊂ {ξ 1 
(e 3.20)
Note that
for some non-negative integers k 1 . Thus, from (e 3.19) and (e 3.20),
for any S ⊂ {ξ 1 , ξ 2 , ..., ξ n } of k elements. This implies that there is a finite subset
. By the definition of F, there exists ξ l ∈ S such that ζ j ∈ O(ξ l , 5η/8).
In other words, O(S, 5η/8) contains at least k elements of {ζ 1 , ζ 2 , ..., ζ n }. Therefore, by the Marriage Law (see [5] ), there exists a permutation γ : (1, 2, ..., n) → (1, 2, ..., n) such that dist(ξ i , ζ γ(i) ) < η, i = 1, 2, ..., n.
Let U be the unitary such that U * p i U = q γ(i) , i = 1, 2, ..., n. Then
It follows that
Lemma 3.2. Let X be a compact metric space which is locally path connected and let n ≥ 1. Then, for any ǫ > 0, ǫ 1 > 0 and any finite subset F ⊂ C(X), there exist a finite subset G and δ > 0 satisfying the following. Let ϕ, ψ : C(X) → M n be two unital homomorphisms for which
where tr is the normalized tracial state. Then there exists a unital homomorphism Φ :
and there exists a unitary u ∈ M n such that
(e 3.24)
Moreover, there are continuous maps α i : [0, 1] → X (i = 1, 2, ..., n) and mutually orthogonal rank one projections
(e 3.26)
Proof. This follows from the proof of 3.1. At the beginning of the proof of 3.1, we may further require that there is η 1 > 0 such that each open ball B η 1 with radius η 1 is contained in a path connected neighborhood Z η ⊂ B η . Let δ be as in the proof of 3.1 and choose G as in the proof of 3.1 (but for η 1 instead of η).
as in the proof of 3.1. The proof of 3.1 provides a permutation γ :
Since each open ball B(ξ i , η 1 ) ⊂ Z i,η 2 for some path connected neighborhood contained in B(x i , η 2 ), where η 2 = min{ǫ 1 , η}, there exist a continuous path
Define Φ :
(e 3.29)
Since {q i : i = 1, 2, ..., n} and {p i : i = 1, 2, ..., n} are assumed to be two sets of mutually orthogonal rank one projections, as in the proof of 3.1, one obtains a unitary u ∈ M n such that
(e 3.30) Lemma 3.3. Let ǫ > 0, n ≥ 1 be an integer and M > 0. There exists δ > 0 satisfying the following: For any finite subset F ⊂ M n with a ≤ M for all a ∈ F and a unitary u ∈ M n such that ua − au < δ for all a ∈ F, there exists a continuous path of unitaries {u(t) : t ∈ [0, 1]} ⊂ M n with u(0) = u and u(1) = 1 such that u(t)a − au(t) < ǫ for all a ∈ F.
Moreover, Length({u(t)}) ≤ 2π.
Proof. Note that T \ sp(u) contains an arc with length at least 2π/n. Thus the lemma follows immediately from Lemma 2.6.11 of [11] .
4 Commutative C * -subalgebras in matrix algebras over one dimension spaces Lemma 4.1. Let X be a path connected finite CW complex, let C = C(X) and let A = C([0, 1], M n ). For any ǫ > 0 and any finite subset F ⊂ C, there exists a finite subset G ⊂ C and δ > 0 satisfying the following: Let ϕ, ψ : C → A be two unital homomorphisms such that |τ • ϕ(g) − τ • ψ(g)| < δ for all g ∈ G and for all τ ∈ T (A).
(e 4.31)
Then there exists a unitary U ∈ A such that
Proof. Without loss of generality, we may assume that F is in the unit ball of C(X). Put d = 2π/n. Let δ 0 > 0 (in place of δ) be as required by Lemma 2.6.11 of [11] for ǫ/4. Let 0 < δ 1 < 1/2n (in place of δ) and G 1 (in place of G) associated with F and min{ǫ/8, δ 0 /4} (in place of ǫ) as required by 3.2.
Put ǫ 1 = min{ǫ/16, δ 1 /4, δ 0 /4}. There exists η > 0 such that
provided that |t − t ′ | < η 1 . Choose a partition of the interval:
It follows from 3.1 that there exists, for each i, a unitary W i ∈ M n such that
for all f ∈ G 0 ∪ F. We estimate, from (e 4.33), that
By the choice of ǫ 1 and applying Lemma 2.6.11 of [11] , we obtain
and (e 4.36)
for all f ∈ F and t ∈ [0, 1], i = 1, 2, ..., N. Thus one obtains a continuous path of unitaries
One can also apply 3.3 to obtain the path Z(t). Define
Lemma 4.2. Let X be a connected CW complex and let n ≥ 1. Fix a unital homomorphism
where {ξ 1 , ξ 2 , ..., ξ m } (m ≤ n) is a subset of m distinct points in X and {e 1 , e 2 , ..., e m } is a set of mutually orthogonal non-zero projections. For any ǫ > 0, there exists δ > 0 and a finite subset G ⊂ C(X) satisfying the following: Suppose that Y is a connected compact metric space, ϕ : C(X) → C(Y, M n ) is a unital homomorphism and y 0 ∈ Y for which
and there are continuous maps x i : Y → X (i = 1, 2, ..., n) and mutually orthogonal rank one projections
(e 4.48)
Fix any η > 0 for which η < min{ǫ, η 0 /2}. From the proof of 3.1, there is δ 1 > 0 and a finite subset G 1 ⊂ C(X) satisfying the following: if
for any unital homomorphism ϕ ′ : C(X) → M n , then ϕ ′ may be written as
where
is a unital homomorphism which satisfies (e 4.45) and (e 4.46) for the above δ and G.
For each y ∈ Y, there is a partition S 1 (y), S 2 (y), ..., S m (y) of {1, 2, ..., n} such that
Suppose that, for some j ∈ {1, 2, ..., n}, there are y 1 , y 2 ∈ Y with
Since Y is path connected, there should be a point
A contradiction. Therefore, if j ∈ S i (y), then, for all y ∈ Y, j ∈ S i (y). This implies that S i (y) = S i is independent of y. The above also implies that ξ i = x j (y 0 ) for some j ∈ S i . The continuity of x j (y) also forces lim
To finish the proof, one notes that, for each y ∈ Y, ϕ(f i )(y 0 ) = e i and ϕ(f i )(y) = 
(e 4.52) Definition 4.3. Let X be a compact metric space, let n ≥ 1 be an integer and let t ∈ X be a point. In what follows, denote by π t : C(X, M n ) → M n the point-evaluation homomorphism defined by π t (f ) = f (t) for all f ∈ C(X).
Lemma 4.4. Let X be a locally path connected compact metric space and let n ≥ 1 be an integer. Then, for any ǫ > 0, η > 0 and any finite subset F ⊂ C(X), there exist δ > 0 and a finite subset G ⊂ C(X) satisfying the following: if ϕ 1 , ϕ 2 : C(X) → M n are two unital homomorphisms for which
then there is a unital homomorphism Φ :
and there are continuous maps
and (e 4.54) 1, 2 , ..., n) and mutually orthogonal rank one projections {e 1 , e 2 , ..., e n } ⊂ M n such that
(e 4.57) for all t ∈ [0, 1/2] and there exists a unitary u ∈ M n such that
(e 4.58)
In particular,
for all f ∈ F. By applying 3.3, there exists a continuous path of unitaries {u(t) :
(e 4.62)
Lemma 4.5. Let X be a connected finite CW complex and let n ≥ 1. Let Y be a finite CW complex of dimension 1 and let ϕ : C(X) → C(Y, M n ). Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist mutually orthogonal rank one rank projections p 1 , p 2 , ..., p n ⊂ C(Y, M n ) and continuous maps α i : Y → X such that
(e 4.63)
Moreover, if {y 1 , y 2 , ..., y L } is fixed, then one can also require that
Proof. The proof of the first part follows that of 4.1 [13] . Since dimX = 1, one can choose a finite subset {ζ 1 , ζ 2 , ..., ζ K } ⊂ X which is ordered in the way so that ζ j−1 and ζ j are connected by a path which is homeomorphic to a line segment and X is the union of these paths (line segments). Without loss of generality, one may assume that these paths are line segments and will be written as [ζ j−1 , ζ j ], j = 1, 2, ..., K. Furthermore, one may assume that {y 1 , y 2 , ..., y L } ⊂ {ζ 1 , ζ 2 , ..., ζ K }. By adding sufficiently many points to {ζ 1 , ζ 2 , ..., ζ K }, one may also assume that 
, and define
5 Approximate homomorphisms and The Basic Homotopy Lemma Lemma 5.1. Let X be a locally path connected compact metric space and let n ≥ 1 be an integer. Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist δ > 0 and a finite subset G ⊂ C(X) satisfying the following: for any unital map ϕ : for all λ 1 , λ 2 ∈ C with |λ i | ≤ 1 (i = 1, 2) and x, y ∈ G, there exists a unital homomorphism
Proof. Let ǫ > 0 and a finite subset F ⊂ C(X) be given. Without loss of generality, we may assume that f ≤ 1 for all f ∈ F. Let δ 1 > 0 (in place of δ) and G 1 (in place of G) associated with ǫ/3, F and n required by 4.4. One may assume that F ⊂ G 1 and δ 1 < ǫ/2. Let δ > 0 and G ⊂ C(X) be a finite subset associated with δ 1 /3 (in place of ǫ) and G 1 (in place of F and M as required by 2.2. One may assume that G 1 ⊂ G. Suppose that ϕ satisfies (e 5.68) and (e 5.69) for the above δ and G. Let η > 0 such that
be a partition such that |t i − t i−1 | < η, i = 1, 2, ..., N. It follows from 2.2 that, for each i, there exists a unital homomorphism ψ i :
One estimates that
for all f ∈ F ∪ G 1 , i = 1, 2, ..., N. It follows from 4.4 that, for each i, there is a unital homomor-
and (e 5.76)
It is easy to see that Φ meets the requirements. Lemma 5.2. Let X be a compact metric space and let n ≥ 1 be an integer. For any ǫ > 0 and any finite subset F ⊂ C(X), there exist a finite subset G ⊂ C(X) and δ > 0 satisfying the following:
Suppose that ϕ :
(e 5.78)
Then there exists a continuous path of unitaries {U (s) :
and for all s ∈ [0, 1]. Moreover, if
for all f ∈ C(X), then one can choose U so that (1)) (e 5.81)
for all f ∈ C(X).
Proof. Fix ǫ > 0 and a finite subset F ⊂ C(X). Put Y = X × T. We identify C(Y ) with C(X) ⊗ C(T).
Denote by F 1 = {f ⊗ 1, 1 ⊗ z : f ∈ F}, where z ∈ C(T) is the identity function on the unit circle. Let δ > 0 and let G 1 ⊂ C(Y ) (in place of G) be the finite subset required by 5.1 for ǫ/4 and F 1 and Y (in place of X).
It is easy to see, by choosing smaller δ, one may assume that G 1 = {f ⊗ 1, 1 ⊗ z : f ∈ G} for some finite subset G ⊂ C(X). Assume (e 5.78) holds for δ and G. It follows from 5.1 that there exists a unital homomorphism Φ :
(e 5.82) for all f ∈ F. It follows from 4.5 that there are continuous functions α i : [0, 1] → X and
for all f ∈ F, where p 1 , p 2 , ..., p n are rank one projections in
, there exists a continuous path of unitaries {u i (s) :
(e 5.84)
for all f ∈ C(X) and s ∈ [1/2, 1]. Thus , by (e 5.82) and (e 5.83),
Since, by (e 5.82) and (e 5.83),
β i p i ) = exp(ia) and a ≤ 2 arcsin(ǫ/4). (e 5.88)
is a continuous path of unitaries and one estimates that
This proves the first part of the lemma. To prove the last part, by applying the last part of 5.1, one may choose Φ so that
(e 5.92)
Moreover, by 4.5,
for all f ∈ C(X) and s ∈ [1/2, 1]. In this case, one also has a(0) = 0 in (e 5.88). Therefore U (s)(0) = u for all s ∈ [0, 1/2]. Thus, in fact, (e 5.94) holds for all s ∈ [0, 1]. One can also make the same arrangement for t = 1.
Approximate diagonalization
Definition 6.1. Let Y be a compact metric space. Recall that Y is a locally absolute retract, if, for any y ∈ Y and any ǫ 1 > 0, there exist ǫ 1 > ǫ 2 > 0 and a closed neighborhood Z of y such that B(y, ǫ 2 ) ⊂ Z ⊂ B(y, ǫ 1 ) and Z is an absolute retract.
Lemma 6.2. Let X be a compact metric space which is locally absolutely retract and n ≥ 1 be an integer. Let T be the unit circle. Let ǫ > 0 and F ⊂ C(X) be a finite subset. Suppose that ϕ : C(X) → C(T, M n ) is a unital homomorphism satisfying the following:
, where α i : T → X are continuous maps and {p 1 , p 2 , ..., p n } ⊂ C(T, M n ) are mutually orthogonal rank one projections;
f (x i )e i , where {x 1 , x 2 , ..., x m } ⊂ X are distinct points, {e 1 , e 2 , ..., e m } is a set of mutually orthogonal non-zero projections, (3) There is a partition {S 1 , S 2 , ..., S m } of {1, 2, ..., n} such that, for s ∈ S i , dist(x i , α s (y)) < η 1 for all y ∈ X, (e 6.95)
and Z i is a compact subset which is also absolutely retract, i = 1, 2, ..., m, where
if dist(x, x ′ ) < η 2 , and where δ 0 (in place of δ) and G associated with ǫ/2 (in place of ǫ) and F required by 5.2; (4)
(e 6.96)
Then, there exist continuous maps γ i : D → X and mutually orthogonal rank one projections {q 1 , q 2 , ..., q n } ⊂ C(D, M n ) such that, for any t ∈ T and any y ∈ D,
(e 6.97)
where D is the unit disk.
Proof. Let C + be the unit upper semi-circle and C − be the unit lower semi-circle. Let
Denote by Ω the compact subset of the plane with boundary consisting of C + , C ′ + , L + and L − . For each i (1 ≤ i ≤ n), define β i : ∂Ω → X as follows:
Note that, by (e 6.95), β i (y) ∈ Z i . Since Z i is an absolute retract, there is a continuous map 
(e 6.100)
Since p i has rank one, there exists a unitary u ∈ C(C + , M n ) such that
) and (e 6.102)
) (e 6.104)
(e 6.105)
By (4), one has that
(e 6.106)
for all f ∈ C(X). It follows from 5.2 that there exists a continuous path of unitaries
(e 6.108) Moreover,
for all f ∈ C(X). 
, (e 6.112)
By (e 6.112), one can define Φ :
(e 6.115) 
for all f ∈ C(X). That ψ maps C(X) into C(D, M n ) follows from (e 6.99), (e 6.112), (e 6.113) and (e 6.114). By (e 6.99) and (e 6.111), there are continuous maps γ i : D → X and mutually orthogonal rank one projections
(e 6.117)
Moreover,
It follows (e 6.100) and (e 6.106)
(e 6.119) Theorem 6.3. Let X be a compact metric space which is a locally absolute retract and let n ≥ 1. Suppose that Y is a compact metric space with dimY ≤ 2 and suppose that ϕ :
is a unital homomorphism. Then, for any ǫ > 0 and any finite subset F ⊂ C(X), there exist continuous maps α i : Y → X (1 ≤ i ≤ n) and mutually orthogonal rank one projections e 1 , e 2 , ..., e n ∈ C(Y, M n ) such that
(e 6.120)
Proof. Fix ǫ > 0 and a finite subset F ⊂ C(X). Let δ 0 > 0 (in pace of δ) and G 1 ⊂ C(X) (in place of G) be a finite subset associated with ǫ/16 and F required by 5.2 (for the given n). One may assume that F ⊂ G 1 . Let η > 0 be such that
provided that dist(x, x ′ ) < η. Since X is locally absolute retract and compact, there exists η 1 > 0 such that, for any x ∈ X, B(x, η 1 ) ⊂ Z x ⊂ B(x, η/2), where Z x is a compact subset which is also an absolute retract. For each y ∈ Y, let δ 1 (y) > 0 (in place of δ) and G ′ 2 (y) ⊂ C(X) (in place of G) be a finite subset associated with min{η 0 /3, ǫ/16} (in place of ǫ) and π y • ϕ required by 4.2.
For each y ∈ Y, let δ 2 (y) > 0 (in place of δ) and G 2 (y) ⊂ C(X) (in place of G) be a finite subset associated with min{η 0 /3, ǫ/6} (in place of ǫ) and π y • ϕ (in place of ϕ 1 ) required by 4.4. Without loss of generality, to simplify notation, we may assume that δ 1 (y) ≤ δ 2 (y) and 
Denote by S(r) the simplicial complexes constructed this way and by S(r) the underline polyhedra. Moreover, if y i y j is a 1-simplex, then
(e 6.125)
If y j is a vertex, then there are points α
.., n, and mutually orthogonal rank one projections p
(e 6.126)
Denote by I i,j the line segment defined by y i y j . Therefore, by applying 4.4, there are continuous maps α (k) i,j : I i,j → X, k = 1, 2, ..., n, and mutually orthogonal rank one projections p
Let I(r) = ∪I i,j be the union of all 0-simplex and 1-simplexes in S(r). One obtains a unital homomorphism Φ ′ : C(X) → C(I(r), M n ) defined by
if t ∈ I i,j , and
To do this, one assumes that y i 1 y i 2 y i 3 is a 2-simplex. Then dist(y i j , y i j ′ ) < d(y i j )/6 for all j = 1, 2, 3 (e 6.131) and for one of some j ′ ∈ {1, 2, 3}. Without loss of generality, one may assume that 3 = j ′ . One identifies the 2-polyhedron K i 1 ,i 2 ,i 3 determined by y i 1 y i 2 y i 3 with the unit disk and identifies y i 1 with 1, y i 2 with −1 and y i 3 with √ −1. Here the line segments determined by y i 1 y i 2 , y i 1 y i 3 and y i 2 y i 3 with the arc with end points −1 and 1, the arc with end points 1 and √ −1, and the arc with end points √ −1 and −1, respectively. Let Ψ be the restriction of Φ ′ on the unit circle T (with the above mentioned identification). Then it is clear that Ψ satisfies (1), (2) and (4) in 6.2 (by replacing ϕ by Ψ) for ǫ/4 (in place of ǫ) and F. By the choice of each δ 1 (y) and by 4.2, (3) is also satisfied (for Ψ). By applying 6.2, and identifying the unit dick D with K i 1 ,i 2 ,i 3 , one obtains a unital homomorphism
: K i 1 ,i 2 ,i 3 → X and mutually orthogonal rank one projections {p
(e 6.132)
for all f ∈ C(X) and (e 6.133)
for all t in the boundary of
i,j (y) if y is in the polyhedron determined by y i y j and α k (y) = α
(e 6.135)
ψ(f )(y j ) = ϕ(f )(y j ) for all f ∈ C(X), j = 1, 2, ..., K, and (e 6.136) ψ(f )(y) − ψ(f )(y j ) < ǫ/4 for all f ∈ C(X) (e 6.137) and for some j so that y is in a simplex with y j as one of the vertex. Now one changes r. (ii)
where ǫ m is a Lebesque number for the cover U m . It follows from (ii) that (iii) holds: if
k , s = 1, 2, ..., l. For each m = 1, 2, ..., let S m be the simplicial complex constructed from points {y 1 , y 2 , ..., y K(m) } as above, and let S(r m ) be the underline polyhedra of dimension at most 2 (see (e 6.123) and (e 6.124)). Denote by ψ m : C(X) → C(S(r m ), M n ) the unital homomorphism constructed above using r = r m , m = 1, 2, ....
To specify the map π m+1 m : S(r m+1 ) → S(r m ), for each j (≤ K(m + 1)), let y (m+1) j be one of the vertex. By virtue of (iii) above, the family Denote by 
where α k and p k (k = 1, 2, ..., n) as constructed above (with r replaced by r m ). One estimates, by (e 6.141), (e 6.122), (e 6.136) and (e 6.137), that
for all f ∈ F. Note that
for all f ∈ C(X). This completes the proof.
Definition 6.4. Let Y be a compact metric space and C ⊂ C(Y, M n ) be a unital C * -subalgebra. C is said to be diagonalized if there are mutually orthogonal rank one projections {p 1 , p 2 , .., p n } ⊂ C(Y, M n ) such that p i commutes with every element in C, i = 1, 2, ..., n.
Theorem 6.5. Let X be a compact metric space and let n ≥ 1. Suppose that Y is a compact metric space with dim Y ≤ 2 and suppose that ϕ : C(X) → C(Y, M n ) is a unital homomorphism. Then, for any ǫ > 0 and any compact subset F ⊂ C(X), there is a unital commutative C * -subalgebra B ⊂ C(Y, M n ) which can be diagonalized and
(e 6.144)
Proof. One may view that X ⊂ I, where I is the Hilbert cube which is viewed as a subset of l 2 . Note that Hilbert cube is convex and every open (or closed) ball in I is convex and therefore is absolute retract and locally absolute retract. Thus X = ∩ ∞ m=1 F m , where each F m is a finite union of closed balls of I. In particular, each F m is locally absolute retract. Let ı m :
. Now let ǫ > 0 and a finite subset F ⊂ C(X) be given. For each f ∈ F, there is m ≥ 1 and g f ∈ C(F m ) such that
(e 6.145) 
(e 6.146)
By combing (e 6.146) with (e 6.145), one has that
Let B be the commutative C * -subalgebra generated by
Corollary 6.6. Let Y be a compact metric space with dimY ≤ 2, let n ≥ 1 be an integer and let x be a normal element. Then, there are n sequences of functions {λ 1, 2 , ..., n) and there is a sequence of sets of n mutually orthogonal rank one projections {p 
Higher dimensional cases
In this section, we consider the cases that dimY ≥ 3. One would hope that the similar argument used in section 6 can repeat for higher dimensional space Y. In fact, a version of 5.1 and 5.2 can be proved for two dimensional spaces. However, the last requests in 5.1 and 5.2 can not be improved, for example, in a generalized 5.2, U (s) can not be chosen so it exactly commutes with ϕ on a given line segment even u can. The reason is that not every homomorphism to C([0, 1], M n ) can be exactly diagonalized (see [9] ). This technical problem is fatal as one can see from the results of this section. Nevertheless, one has the following. Proposition 7.1. Let X be a zero dimensional compact metric space, n ≥ 1 and let Y be a compact metric space for which every minimal projection in C(Y, M n ) has rank one or zero at each point of Y (which is the case if dimY ≤ 3-see 7.2 ).
Then any unital homomorphism ϕ :
Proof. We may assume that X ⊂ R. Choose an element x ∈ C(X) with sp(x) = X. If f ∈ C(X) then one has f = f (x). For any δ > 0, there are mutually orthogonal projections {e 1 , e 2 , ..., e N } ⊂ C(X) for which N j=1 e j = 1 and real numbers λ 1 , λ 2 , ..., λ N ∈ X such that
λ j e j < δ.
(e 7.147)
Given a finite subset F ⊂ C(X) and ǫ > 0, by choosing a sufficiently small δ, one may assume that
(e 7.149)
Since each ϕ(e j ) is a projection, by the assumption, there are mutually orthogonal projections {p j,1 , p j,2 , ..., p j,r(j) } ⊂ C(Y, M n ) such that p j,i (y) has rank either one or zero and
, it is easy to find mutually orthogonal rank one projections p 1 , p 2 , ..., p n , where each p i is a sum of some projections p j,k , such that Mn) . Suppose that p i = k p j k ,i k , n = 1, 2, ..., n. Let Y j k ,i k be the clopen set so that p j k ,i k (y) = 0. Define a continuous map α i : Y → X by α i (y) = λ j k if y ∈ Y j k ,i k and α i (y) = 0 if y is not in the support if p i . Then, by (e 7.149),
f (α i )p i < ǫ for all f ∈ F.
(e 7.150) Proof. X contains a subset D which is homeomorphic to the unit disk. Thus X contains a subset S which is homeomorphic to T. Define s : C(X) → C(T) by the restriction on S and then take the homeomorphism. If ϕ : C(T) → C(Y, M n ) is one of those unital homomorphisms which can not be diagonalized (by 7.3), then ϕ • s can not be diagonalized.
Lemma 7.6. For any d > 0, if 0 < δ < d, and if a and b are two normal elements in a unital C * -algebra such that a − b < δ, then sp(b) ⊂ {λ ∈ C : dist(λ, sp(a)) < d}.
The proof is standard and known. The point here is that δ does not depend on a and b. 
